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Actin polymerization driven stochastic movement of the bacteria Listeria monocytogenes
is often measured using single-particle tracking (SPT) methodology and analyzed in
terms of statistics. Experimental results suggested a dynamic association between the
growing actin filaments and the propelled bacteria. Based on an alternative mathematical
formalism for a Brownian ratchet (BR), we introduce such an attractive interaction into
the one-dimensional BR model and show that its effect is equivalent to an external
resistant force on the bacterium. Such a force significantly reduces the Brownian motion
of a driven bacterium, and accentuates the stepping due to polymerization. We then
consider the growth, with and without a barrier, of a filamentous bundle consisting of
N identical filaments. It is shown that the bundle grows with a similar rate as a single
filament in the absence of a load, but can oppose N times the external force under
the stalling condition. A set of relationships describing the velocity of the bacterium
movement (Vz) and its apparent diffusivity (Dz) as functions of the resistant force (F )
and the number of filaments in a bundle (N) are obtained. The theoretical study suggests
methods for data analysis in future experiments with applied external resistant force.

Keywords: Actin polymerization; Brownian ratchet; molecular motor; stochastic
processes.

1. Introduction

At the cellular level, chemistry and mechanics are two different aspects of the

same macromolecular processes: the former emphasizes states of the system and

their energies while the latter focuses on movements and forces.1 Mechanobiology

is emerging as a systems approach to cell biology that integrates these two tradi-

tionally separated disciplines.2 The growth of filamentous protein polymers, such

as F-actin and microtubules, can do work against molecular or intracellular objects

that resist movement. It has been suggested that these filaments are responsible for

59

[Cole and Qian, 2011]
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Motivation: Actin-Based Motility

Listeria Monocytogenes:

http://textbookofbacteriology.net/Listeria 2.html

Bacteria that Causes Listeriosis
Usually Only Flu-Like Symptoms,

Fall 2011 Outbreak:

• 146 Cases Reported

• 30 Deaths, 1 Miscarriage

http://www.cdc.gov/listeria/outbreaks/cantaloupes-

jensen-farms/index.htmlAt body temperature:
Listeria is propelled by polymerization of actin filaments.
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Motivation: Actin-Based Motility

Actin-Based Motility of Listeria (Click for Movie)

Figures 16 and 17. (16) Thin section of a portion of the surface of a macrophage infected for 4 h with Listeria. These macrophages were 
fixed in situ in the dish in which they were growing, a, Located at the tip of a projection from the macrophage cell surface is a single 
Listeria and behind it a long, fine, filamentous tail. b, The fine, filamentous tail at higher magnification. Note that the filaments are randomly 
oriented relative to each other, some in transverse section (dots), others in oblique and longitudinal section. (17) Macrophages were infected 
with Listeria for 4 h, then extracted with Triton X-100 and incubated with S1. This section is taken of the same region as Fig. 16. Basal 
to the Listeria at the end of this pseudopod is the fine, filamentous tail whose component filaments are decorated with S1. The small arrow 
indicates the polarity of several decorated filaments. The large arrow indicates residual membrane that has not been solubilized. 
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Figure 23. Stages in the entry, growth, move- 
ment, and spread of Listeria from one macro- 
phage to another. Photographs illustrating all 
these intermediate stages have been presented 
in the figures. 

sperm would be generated (Tilney, 1985). Instead, what we 
find is that the actin filaments in the comet's tail seem to be 
very short and are randomly arranged, yet form a compact 
cluster that does not associate with the rest of the cytoskele- 
ton of the host macrophage. How this completely novel dis- 
tribution of actin filaments is generated will have to occupy 
us in the future. 

From published data in the literature; it is reasonable to 
expect that other intracytoplasmic parasites such as Rickett- 
sia and Shigella may use the host's cytoskeleton for their own 
purposes in ways similar to what we describe for Listeria 
(Ogawa et al., 1968; Pal et al., 1989). However, there are 
probably more intracellular parasites that seem to use en- 
tirely different mechanisms or variations on the mechanisms 
just described to carry out their life cycles on their respective 
hosts (Moulder, 1985; Edelson, 1982). By studying these 
"natural variants" we may be able to rapidly find what assem- 
bled gene products are necessary, a scenario that can help 
us learn a great deal about the cell biology of the host macro- 
phage. 

As with most scientific studies, a number of questions have 
arisen from this one. Many of these questions can be an- 
swered by looking at living cells as Schaechter et al. started 
to do in 1957 and will give us information not only on 
Listeria and its proliferation and for that matter certain intra- 
cellular parasites generally, but also help cell biologists learn 
more about the cell biological processes. 

Particular thanks go to Pat Connelly for cutting the thin sections and taking 
many of the photographs. Her interest and enthusiasm really made this 
project a lot of  fun. We also thank Larry Hale for showing one of us (D. A. 
Portnoy) his unpublished data on the role of  cytochalasin D and intracellu- 
lar spread of ShigeUa. This information helped lead to the present study. 
We also wish to express our profound appreciation to David DeRosier for 
showing us that the actin filaments that give rise to the "comet's tail" and 
the "cloud ~ around the ~'steria must be short. Thanks go to Bob Golder 
for the excellent drawing. Special thanks go to Tom Pollard, our monitor- 

ing editor, and to Susan Craig for their enthusiastic response to our manu- 
script. 
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Received for publication 18 May 1989 and in revised form 9 June 1989. 

References 

Bishop, D. K., and D. J. Hinrichs. 1987. Adoptive transfer of immunity of 
Listeria monocytogenes: the influence of in vitro stimulation on lymphocyte 
subset requirements. J. lmmunoL 139:2005-2009.' 

Edelson, P. J. 1982. Intracellular parasites and phagocytic cells: cell biology 
and pathophysiology. Rev. Infect. Dis. 4:124-135. 

Ewing, E. P., Jr., A. Takeuchi, A. Shirai, and J. V. Osterman. 1978. Ex- 
perimental infection of mouse peritoneal mesothelium with scrub typhus 
Rickettsiae. An ultrastructaral study. Infect. lmmun. 19:1068-1075. 

Gaillard, J. L., P. Berche, and P. Sansonetti. 1986. Transposon mutagenesis 
as a tool to study the role of hemolysin in the virulence of Listeria monocy- 
togenes. Infect. lmmun. 52:50-55. 

Galliard, J. L., P. Berche, J. Moanier, S. Richard, and P. Sansonetti. 1987. 
In vitro model of penetration and intracellular growth of l~steria mono- 
cytogenes in the human erythrocyte-like cell line Caco-2. Infect. lmmun. 
55:28-29. 

Geoffrey, C., J. L. Gaillard, J. E. Alouf, and P. Berche. 1987. Purification, 
characterization, and toxity of the sulfhydral-activated hemolysin listerioly- 
sin O from Listeria monocytogenes. Infect. lmmun. 55:1641-1646. 

Hahn, H., and S. H. E. Kaufman. 1981. The role of cell-mediated immunity 
to bacterial infections. Rev. Inf. Dis. 3:1221-1250. 

Havell, E. A. 1986. Synthesis and secretion of interferon by murine fibroblasts 
in response to intracellular Listeria monocytogenes. Infect. lmmun. 54: 
787-792. 

Kuhn, M., S. Kathariou, and W. Goebel. 1988. Hemolysin supports survival 
but not entry of the intracellular bacterium Listeria monocytogenes. Infect. 
lmmun. 56:79-82. 

Linnen, M. J., L. Mascola, X. D. Lou, V. Goulet, S. May, C. Salminen, D. W. 
Hird, L. Yonekura, P. Hayes, R. Weaver, A. Audurier, B. D. Plikaytis, 
S. L. Fannin, A. Kleks, and C. V. Broome. 1988. Epidemic Listeriosis as- 
sociated with Mexican-style cheese. New England J. Med. 319:823-828. 

Mackaness, G. B. 1962. Cellular resistence to infection. J. Exp. Med. 
116:381--406. 

Maupin-Szamier, P., and T. D. Pollard. 1978. Actin filament destruction by 
osmium tetroxide. J. Cell Biol. 77:837-852. 

Moulder, J. W. 1985. Comparative biology of intracellular parasitism. 
Microbiol. Rev. 49:298-337. 

Ogawa, H., A. Nakamura, and R. Nakaya. 1968. Cinemicrographic study of 
tissue cell cultures infected with Shigella flexneri. JPN J. IVied. Sci. Biol. 
21:259-273. 

Tilney and Portnoy Cell Biology of  Listeria Infection 1607 

 on August 28, 2011
jcb.rupress.org

Downloaded from
 

Published October 1, 1989

Image Source: Tilney & Portnoy 1989, J Cell Biol 109:1597-1608

Movie Source: Theriot & Portnoy: http://cmgm.stanford.edu/theriot/movies.htm



Introduction N Polymer Model Conclusion

Motivation: Actin-Based Motility of Listeria

Experimental Observations: Single Particle Tracking

Kuo & McGrath Measured Listeria Trajectory (Red)

Image Source: [Kuo and McGrath, 2000]

1. “Stepping” Behavior

• Suggesting:
Coordinated Growth
of Actin Polymers

2. MSD Smaller than Expected

• (Decreased Fluctuation)
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Motivation: Actin-Based Motility

Actin-Based Motility of Listeria

Motivates Study of:

• Polymerization-Driven Motion of a Fluctuating Barrier

Mathematical Framework:

• Diffusion Formalism Brownian Ratchet Model

• Building On Simplest Case:
Single Polymer Ratchet
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Single Polymer Ratchet

What is a Single Polymer Ratchet?

α

β

x

δ

Component 1:
Polymer

• α, β:
Adding/Subtracting Rates

• δ: Monomer Length

• α > β:
Polymer Grows
(On Average)
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Single Polymer Ratchet

What is a Single Polymer Ratchet?

F
ηb
,Db

y

Component 2:
Fluctuating Barrier

• Biased Brownian Motion

• Db: Fluctuation

• − F
ηb

: Drift
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Single Polymer Ratchet

What is a Single Polymer Ratchet?

α

β

F
ηb
,Db

x

δ

y

When Components Interact:

• Barrier Motion
“blocked” by Polymer

• Polymer Growth
“blocked” by Barrier
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Single Polymer Ratchet

What is a Single Polymer Ratchet?

α

β

F
ηb
,Db

x

δ

y

When Components Interact:
If Polymerization is Fast:

• Barrier Moves Far Enough

• Polymer Immediately Grows

• Blocking Backward
Fluctuation of Barrier

Barrier is “Ratcheted” Forward
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Single Polymer (No Barrier)

Random Variable X(t): Position of Polymer Tip

∂PX(x ,t)
∂t = αPX(x −∆x , t) + βPX(x + ∆x , t)− (α + β)PX(x , t)

∂PX(x ,t)
∂t = Da

∂2PX(x ,t)
∂x2 − Va

∂PX(x ,t)
∂x

α

β

x

∆x

Biased Random Walk Model

• PX(x , t) = Prob{X(t) = x}
• (Spatially Discrete)

Spatially Continuous Model:

• Taylor Expand in x . . .
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Single Polymer (No Barrier)

Random Variable X(t): Position of Polymer Tip

∂PX(x ,t)
∂t = αPX(x −∆x , t) + βPX(x + ∆x , t)− (α + β)PX(x , t)

∂PX(x ,t)
∂t = Da

∂2PX(x ,t)
∂x2 − Va

∂PX(x ,t)
∂x

α

β

x

∆x

Biased Brownian Motion Model

• PX(x , t) =
Prob{x < X(t) ≤ x + dx}

• (Spatially Continuous)
Diffusion with Drift

Da = lim
∆x→0

(α + β)
∆x2

2
, Va = lim

∆x→0
(α− β)∆x
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Barrier (No Polymer)

Random Variable Y(t): Position of Barrier

∂PY(y ,t)
∂t = Db

∂2PY(y ,t)
∂y2 + F

ηb

∂PY(y ,t)
∂y

F
ηb
,Db

y

Biased Brownian Motion Model

• PY(y , t) =
Prob{y < Y(t) ≤ y + dy}

• (Spatially Continuous)
Diffusion with Drift
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Single Polymer Ratchet

Diffusion Formalism Model: [Qian, 2004]

∂PXY(x , y , t)

∂t
= Da

∂2PXY

∂x2
+ Db

∂2PXY

∂y 2
− Va

∂PXY

∂x
+

F

ηb

∂PXY

∂y
(1)

α

β

F
ηb
,Db

x

δ

y

Joint pdf :

• PXY(x , y , t) =
Prob{x < X(t) ≤ x + dx ,

y < Y(t) ≤ y + dy}
• X(t),Y(t) Coupled by

Geometric Constraint:
X(t) ≤ Y(t)
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Single Polymer Ratchet

Diffusion Formalism Model: [Qian, 2004]

∂PXY(x , y , t)

∂t
= Da

∂2PXY

∂x2
+ Db

∂2PXY

∂y 2
− Va

∂PXY

∂x
+

F

ηb

∂PXY

∂y
(1)

α

β

F
ηb
,Db

x

δ

y

Strategy: Decouple System
Introduce:

• ∆(t): Gap Distance

• Z(t): Average Position

Change of Variables:

• ∆ = Y − X, Z = DbX+DaY
Db+Da
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Single Polymer Ratchet

Diffusion Formalism Model: [Qian, 2004]

∂PXY(x , y , t)

∂t
= Da

∂2PXY

∂x2
+ Db

∂2PXY

∂y 2
− Va

∂PXY

∂x
+

F

ηb

∂PXY

∂y
(1)

∂P∆(∆, t)

∂t
= Dδ

∂2P∆

∂∆2
+ Vδ

∂P∆

∂∆
, ∆ ≥ 0 (2a)

∂PZ(z , t)

∂t
= Dz

∂2PZ

∂z2
− Vz

∂PZ

∂z
, −∞ < z < +∞ (2b)

Dδ = Db + Da, Vδ = Va + F/ηb

Dz = DaDb

Db+Da
, Vz = DbVa−DaF/ηb

Db+Da

• (1) Constraint: X(t) ≤ Y(t)

• (2a) Constraint: ∆(t) ≥ 0
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Single Polymer Ratchet

Diffusion Formalism Model: [Qian, 2004]

∂PXY(x , y , t)

∂t
= Da

∂2PXY

∂x2
+ Db

∂2PXY

∂y 2
− Va

∂PXY

∂x
+

F

ηb

∂PXY

∂y
(1)

∂P∆(∆, t)

∂t
= Dδ

∂2P∆

∂∆2
+ Vδ

∂P∆

∂∆
, ∆ ≥ 0 (2a)

∂PZ(z , t)

∂t
= Dz

∂2PZ

∂z2
− Vz

∂PZ

∂z
, −∞ < z < +∞ (2b)

Dδ = Db + Da, Vδ = Va + F/ηb

Dz = DaDb

Db+Da
, Vz = DbVa−DaF/ηb

Db+Da

• (1) Constraint: X(t) ≤ Y(t)

• (2a) Constraint: ∆(t) ≥ 0



Introduction N Polymer Model Conclusion

Single Polymer Ratchet: Average Position

Avg. Position: Diffusion with Drift (Biased Brownian Motion)

∂PZ(z , t)

∂t
= Dz

∂2PZ

∂z2
− Vz

∂PZ

∂z
, −∞ < z <∞,

PZ(z , 0) = δ(z)

Solution:

• PZ(z , t) = 1√
4πDz t

e−
(z−Vz t)2

4Dz t

With:

• Dz = DaDb
Db+Da

, Vz = DbVa−DaF/ηb

Db+Da

Normal Distribution

• Mean:
µ = Vz t

• Variance:
σ2 = 2Dz t
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Single Polymer Ratchet

Diffusion Formalism Model: [Qian, 2004]

∂PXY(x , y , t)

∂t
= Da

∂2PXY

∂x2
+ Db

∂2PXY

∂y 2
− Va

∂PXY

∂x
+

F

ηb

∂PXY

∂y
(1)

∂P∆(∆, t)

∂t
= Dδ

∂2P∆

∂∆2
+ Vδ

∂P∆

∂∆
, ∆ ≥ 0 (2a)

∂PZ(z , t)

∂t
= Dz

∂2PZ

∂z2
− Vz

∂PZ

∂z
, −∞ < z < +∞ (2b)

Dδ = Db + Da, Vδ = Va + F/ηb
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Db+Da
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Introduction N Polymer Model Conclusion

Single Polymer Ratchet: Gap Distance

Gap Distance → Steady State (Qualitative Argument):

∂P∆(∆, t)

∂t
= Dδ

∂2P∆

∂∆2
+ Vδ

∂P∆

∂∆
, ∆ ≥ 0

Subject to:

• No-Flux B.C. at ∆ = 0

• Vanishing C.’s at ∆ =∞

Diffusion,
“+”: Drift → Boundary
Conditions: Can’t “Leak Out”

D

PDHD,tL

Gap → Steady State!
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Single Polymer Ratchet: Gap Distance

Gap Distance → Steady State (Qualitative Argument):

∂P∆(∆, t)

∂t
= Dδ

∂2P∆

∂∆2
+ Vδ

∂P∆

∂∆
, ∆ ≥ 0

Subject to:

• No-Flux B.C. at ∆ = 0

• Vanishing C.’s at ∆ =∞

Diffusion,
“+”: Drift → Boundary
Conditions: Can’t “Leak Out”

D

PDHD,tL

D

PDssHDL

Gap → Steady State!
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Single Polymer Ratchet: Gap Distance

Full Time-Dependent Gap Distance Solution:

Initial Boundary Value Problem for (∆ ≥ 0, t > 0):

• ∂P∆(∆,t)
∂t

= Dδ
∂2P∆
∂∆2 + Vδ

∂P∆
∂∆

• P∆(∆, 0) = δ(∆)

• Dδ
∂P∆(0,t)
∂∆

+ VδP∆(0, t) = 0

• lim∆→∞ P∆(∆, t) = 0

lim∆→∞
∂P∆(∆,t)
∂∆

= 0

New Unified Transform Method of Fokas [Fokas, 2002], [Cole, 2011]:

P∆(∆, t) = Vδ

Dδ
e
− Vδ∆

Dδ

+ e
− Vδ∆

2Dδ e
−
(

Vδ
Dδ

)2
t

4Dδ

∫ ∞
0

ke
− k2t

4Dδ

(
k cos(k∆/2)− Vδ

Dδ
sin(k∆/2)

)
dk

π

((
Vδ

Dδ

)2

+ k2

)
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Single Polymer Ratchet: Gap Distance
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(
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Dδ

)2
t
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∫ ∞
0
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Dδ
sin(k∆/2)
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π
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Vδ

Dδ

)2
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)



Introduction N Polymer Model Conclusion

Single Polymer Ratchet: Gap Distance

P∆ss (∆): Steady State Gap Distance

0 = Dδ
d2P∆ss

d∆2
+ Vδ

dP∆ss

d∆
, ∆ ≥ 0

• Dδ = (Da + Db)

• Vδ =
(

Va + F
ηb

) Steady State Distribution

• Exponential

P∆ss (∆) = Vδ
Dδ

e
−Vδ∆

Dδ



Introduction N Polymer Model Conclusion

Single Polymer Ratchet

Single Polymer Ratchet Summary

Average Position, Z(t) → Biased Brownian Motion

• Normal Distribution

• µ = Vz t

• σ2 = 2Dz t

Gap Distance, ∆(t) → Steady State:

• Exponential Distribution

• µ = Dδ
Vδ

= Db+Da

Va+F/ηb
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Single Polymer Ratchet

Single Polymer Ratchet Summary

Average Position, Z(t) → Biased Brownian Motion

• Normal Distribution

• µ = Vz t

• σ2 = 2Dz t

Gap Distance, ∆(t) → Steady State:

• Exponential Distribution

• µ = Dδ
Vδ

= Db+Da

Va+F/ηb

N Polymer Model:

• More Realistic. Recall:
• Listeria is Propelled by

Network of Actin Filaments

• Model Will Predict
Observed Behavior:
• Coordinated Polymer Growth

(with barrier present)
• Decreased Fluctuation

(Dz deacreases with N)
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N Polymer Ratchet

What is an N Polymer Ratchet?

α

β

Component 1:
Bundle of

N Identical Polymers
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N Polymer Ratchet

What is an N Polymer Ratchet?

Db,F/ηb

Component 2:
Barrier
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N Polymer Ratchet

What is an N Polymer Ratchet?

α

β

Db,F/ηb

When Components
Interact:
Ratchet:

Longest Polymer
+

Barrier
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N Polymer Bundle (No Barrier)

Xi (t): Position of i th Polymer Tip at Time t

∂PXi
(x,t)

∂t = Da
∂2PXi

(x,t)

∂x2 − Va
∂PXi

(x,t)

∂x

α

β

x1 x2 xN

Each Individual Polymer:

• Normal Distribution
µ = Vat, σ2 = 2Dat

• pdf :
PXi

(x , t) =

fX(x , t) = 1√
4πDat

e−
(x−Vat)2

4Dat

• cdf :
FX(x , t) =

∫ x
−∞ fX(x , t)dx
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• pdf :
PXi

(x , t) =

fX(x , t) = 1√
4πDat

e−
(x−Vat)2

4Dat

• cdf :
FX(x , t) =

∫ x
−∞ fX(x , t)dx
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N Polymer Bundle (No Barrier)

Example: 3 Polymers Starting Out Separated:

x1 x2 x3
x

fXiHx,tL
t : 1.

x1 x2 x3
x

fXiHx,tL
t : 25.

(Click for Movie)
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N Polymer Bundle (No Barrier)

Example: 3 Polymers Starting Out Separated:

x1 x2 x3
x

fXiHx,tL
t : 1.

x1 x2 x3
x

fXiHx,tL
t : 25.

(Click for Movie)

Individual Polymers:

Distributions are Identical
Distance Between Peaks is Constant
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N Polymer Bundle (No Barrier)

X(k)(t): Position of k th Longest Polymer Tip at Time t

α

β

x (N)

x (N−1)

x (1)

Instead of Tracking
Individual Polymers

• Order Them By Length

• Define:
X(k)(t): Position of
kth Longest Polymer:

X(1)(t) ≥ X(2)(t) ≥ ... ≥ X(k−1)(t) ≥ X(k)(t) ≥ X(k+1)(t) ≥ ... ≥ X(N−1)(t) ≥ X(N)(t)
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N Polymer Bundle (No Barrier)

X(k)(t): Position of k th Longest Polymer Tip at Time t

X(1)(t) ≥ X(2)(t) ≥ ... ≥ X(k−1)(t) ≥ X(k)(t) ≥ X(k+1)(t) ≥ ... ≥ X(N−1)(t) ≥ X(N)(t)

X(k)(t): kth Longest Polymer:
Order Statistics:

• pdf :
fX(k)(x , t) = N!

(k−1)!(N−k)! FX(x , t)N−k [1− FX(x , t)]k−1 fX(x , t)

Qualitatively “Biased-Diffusion-Like:”

• Single Traveling Peak

• Increasing Width
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N Polymer Bundle (No Barrier)

Example: 3 Polymers Starting Out Even (Same Length)

xH1LxH2LxH3L x

fXHkLHx,tL
t : 1.

xH1LxH2LxH3L x

fXHkLHx,tL
t : 25.

(Click for Movie)
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N Polymer Bundle (No Barrier)

Example: 3 Polymers Starting Out Even (Same Length)

xH1LxH2LxH3L x

fXHkLHx,tL
t : 1.

xH1LxH2LxH3L x

fXHkLHx,tL
t : 25.

(Click for Movie)

Polymers Ordered by Length:

Distance Between Peaks Increases:

• ∝
√

4Dat

In the Long-Time Limit:

• Bundle Grows as a Single Polymer
While Others Lag Behind
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N Polymer Bundle (No Barrier)

Longest Polymer, X(1)(t)

We Can Show:

• cdf Satisfies a Nonlinear Diffusion Equation:

∂FX(1)(x , t)

∂t
= Da

∂2FX(1)(x , t)

∂x2
− q(x , t)

∂FX(1)(x , t)

∂x

• “Drift” Rate:

q(x , t) = Va +
Da(N − 1)

NFX(1)(x , t)

∂FX(1)(x , t)

∂x
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N Polymer Bundle (No Barrier)

Longest Polymer, X(1)(t)

We Can Show:

• cdf Satisfies a Nonlinear Diffusion Equation:

∂FX(1)(x , t)

∂t
= Da

∂2FX(1)(x , t)

∂x2
− q(x , t)

∂FX(1)(x , t)

∂x

• “Drift” Rate:

q(x , t) = Va +
Da(N − 1)

NFX(1)(x , t)

∂FX(1)(x , t)

∂x

As Promised:

Something Nonlinear X
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Introduction
Motivation: Actin Based Motility
Diffusion Formalism for a Single Polymer Ratchet

N Polymer Model
N Polymer Bundle (No Barrier)
N Polymer Bundle with a Moving Barrier (Ratchet)

Conclusion
Summary
Acknowledgments & References
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N Polymer Ratchet

Bundle Ratchet:

Fluctuating Barrier Interacts with Longest Polymer, X(1)(t):

α

β

Db,F/ηb

x (N)

x (N−1)

x (1)

y

• Joint pdf for
X(1)(t), Y(t)
(MESSY!)

• Joint pdf for
all {Xi (t)}, Y(t)
(EASIER!)
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N Polymer Ratchet

Bundle Ratchet:

Fluctuating Barrier Interacts with Longest Polymer, X(1)(t):

α

β

Db,F/ηb

x1 x2 xN

y

• Joint pdf for
X(1)(t), Y(t)
(MESSY!)

• Joint pdf for
all {Xi (t)}, Y(t)
(EASIER!)
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N Polymer Ratchet

Joint pdf for all {Xi (t)}, Y(t): f ({xi}, y , t)

∂f ({xi}, y , t)

∂t
=

N∑
k=1

(
Da
∂2f

∂x2
k

− Va
∂f

∂xk

)
+ Db

∂2f

∂2y
+

F

ηb

∂f

∂y
(3)

α

β

Db,F/ηb

x1 x2 xN

y

Strategy: Decouple via
Change of Variables:

• ∆i = Y − Xi ,

Z =
Db
∑N

j=1 Xj +DaY

NDb+Da
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N Polymer Ratchet

Joint pdf for all {∆i (t)}, Z(t): f ({ξi}, z , t)

∂f ({xi}, y , t)

∂t
=

N∑
k=1

(
Da
∂2f

∂x2
k

− Va
∂f

∂xk

)
+ Db

∂2f

∂2y
+

F

ηb

∂f

∂y
(3)

∂φ({ξi}, t)

∂t
=

N∑
i,j

(Daδij + Db)
∂2φ

∂ξi∂ξj
+

(
Va +

F

ηb

) N∑
i=1

∂φ

∂ξi
(4a)

∂PZ(z , t)

∂t
=

DbDa

NDb + Da

∂2PZ

∂z2
−
(
NDbVa − DaF/ηb

NDb + Da

)
∂PZ

∂z
(4b)

f ({xi}, y , t) = f ({ξi}, z , t)
Decoupled:
= φ({ξi}, t)PZ(z , t)

Geometric Constraints:

• For (3): Xi (t) ≤ Y(t)

• For (4a): ∆i (t) ≥ 0
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N Polymer Ratchet

Joint pdf for all {∆i (t)}, Z(t): f ({ξi}, z , t)

∂f ({xi}, y , t)

∂t
=

N∑
k=1

(
Da
∂2f

∂x2
k

− Va
∂f

∂xk

)
+ Db

∂2f

∂2y
+

F

ηb

∂f

∂y
(3)

∂φ({ξi}, t)

∂t
=

N∑
i,j

(Daδij + Db)
∂2φ

∂ξi∂ξj
+

(
Va +

F

ηb

) N∑
i=1

∂φ

∂ξi
(4a)

∂PZ(z , t)

∂t
=

DbDa

NDb + Da

∂2PZ

∂z2
−
(
NDbVa − DaF/ηb

NDb + Da

)
∂PZ

∂z
(4b)

f ({xi}, y , t) = f ({ξi}, z , t)
Decoupled:
= φ({ξi}, t)PZ(z , t)

Geometric Constraints:

• For (3): Xi (t) ≤ Y(t)

• For (4a): ∆i (t) ≥ 0
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N Polymer Ratchet: Average Position

Avg. Position: Diffusion with Drift (Biased Brownian Motion)

∂PZ(z , t)

∂t
= DzN

∂2PZ

∂z2
− VzN

∂PZ

∂z
, −∞ < z <∞,

PZ(z , 0) = δ(z)

Solution:

• PZ(z , t) = 1√
4πDzN

t
e
− (z−VzN

t)2

4DzN
t

With:

• DzN
= DaDb

NDb+Da
,

VzN
= NDbVa−DaF/ηb

NDb+Da

Normal Distribution

• Mean:
µ = VzN

t

• Variance:
σ2 = 2DzN

t



Introduction N Polymer Model Conclusion

N Polymer Ratchet

Joint pdf for all {∆i (t)}, Z(t): f ({ξi}, z , t)

∂f ({xi}, y , t)

∂t
=

N∑
k=1

(
Da
∂2f

∂x2
k

− Va
∂f

∂xk

)
+ Db

∂2f

∂2y
+

F

ηb
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(3)
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∂t
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F
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−
(
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NDb + Da

)
∂PZ

∂z
(4b)

f ({xi}, y , t) = f ({ξi}, z , t)
Decoupled:
= φ({ξi}, t)PZ(z , t)

Geometric Constraints:

• For (3): Xi (t) ≤ Y(t)

• For (4a): ∆i (t) ≥ 0
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N Polymer Ratchet: Gap Distance

Can We Find Time-Dependent Solution?

∂φ({ξi}, t)

∂t
=

N∑
i,j

(Daδij + Db)
∂2φ

∂ξi∂ξj
+

(
Va +

F

ηb

) N∑
i=1

∂φ

∂ξi
, {ξi} ≥ 0,

Subject to:

• No-Flux B.C. at each
ξi = 0

• Vanishing C.’s at
{ξi} =∞

Not Separable → Not Yet

Diffusion,
“+”: Drift → Boundaries
Conditions: Can’t “Leak Out”

Gap Distances → Steady State
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N Polymer Ratchet: Gap Distance

Can We Find Time-Dependent Solution?

∂φ({ξi}, t)

∂t
=

N∑
i,j

(Daδij + Db)
∂2φ

∂ξi∂ξj
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(
Va +

F
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) N∑
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∂φ

∂ξi
, {ξi} ≥ 0,

Subject to:

• No-Flux B.C. at each
ξi = 0

• Vanishing C.’s at
{ξi} =∞

Not Separable → Not Yet

Diffusion,
“+”: Drift → Boundaries
Conditions: Can’t “Leak Out”
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N Polymer Ratchet: Gap Distance

Gap Distances Steady State:

0 =
N∑
i,j

(Daδij + Db)
∂2φss

∂ξi∂ξj
+

(
Va +

F

ηb

) N∑
i=1

∂φss

∂ξi
, {ξi} ≥ 0,

φss ({ξi}) = εN exp

(
−ε

N∑
i=1

ξi

)
, ε =

Va + F/ηb

NDb + Da
, P∆(1)

(x) = Nεe−Nεx

{∆i}: Gaps are Identical,
Exponentially Distributed

• µi = 1
ε = NDb+Da

Va+F/ηb

∆(1) = min{∆i}
Exponentially Distributed

• µ(1) = 1
Nε = Db+Da/N

Va+F/ηb



Introduction N Polymer Model Conclusion

N Polymer Ratchet: Gap Distance

Gap Distances Steady State:
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N Polymer Ratchet: Gap Distance

Gap Distances Steady State:

0 =
N∑
i,j

(Daδij + Db)
∂2φss

∂ξi∂ξj
+

(
Va +

F

ηb

) N∑
i=1

∂φss

∂ξi
, {ξi} ≥ 0,

φss ({ξi}) = εN exp

(
−ε

N∑
i=1

ξi

)
, ε =

Va + F/ηb

NDb + Da
, P∆(1)

(x) = Nεe−Nεx

{∆i}: Gaps are Identical,
Exponentially Distributed

• µi = 1
ε = NDb+Da

Va+F/ηb

∆(1) = min{∆i}
Exponentially Distributed

• µ(1) = 1
Nε = Db+Da/N

Va+F/ηb

Steady State:

Gaps are Identical

⇒ Coordinated
Growth of
Polymers X

∆(1), Smallest Gap

• Gap Between
Bundle and
Barrier!
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N Polymer Ratchet

What is an N Polymer Ratchet?

α

β

Db,F/ηb

When Components
Interact:
Ratchet:

Longest Polymer
+

Barrier

Characterized By:

Either:

• Longest Polymer

• Barrier

• X(1)(t), Y(t)

Or:

• Smallest Gap Distance

• Average Position

• ∆(1)(t), Z(t)
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N Polymer Ratchet

N Polymer Ratchet Pattern:

Average Position, Z(t) → Biased Brownian Motion

• Normal Distribution

• µ = VzN
t

• σ2 = 2DzN
t

Min. Gap Distance, ∆(1)(t) → Steady State:

• Exponential Distribution

• µ(1) = Db+(Da/N)
Va+F/ηb
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N Polymer Ratchet

N Polymer Ratchet Pattern:

Average Position, Z(t) → Biased Brownian Motion

• Normal Distribution

• µ = VzN
t

• σ2 = 2DzN
t

Min. Gap Distance, ∆(1)(t) → Steady State:

• Exponential Distribution

• µ(1) = Db+(Da/N)
Va+F/ηb

N Polymer Ratchet Summary:

With Multiple Polymer Filaments:
DzN

= Db(Da/N)
Db+(Da/N)

VzN
= DbVa−(Da/N)F/ηb

Db+(Da/N)

• Interaction with Barrier
→ Polymers Grow Together X

Increasing N:

• Decreases Mean Gap Distance

• Increases Vz (Drift)

• Decreases Dz (Fluctuation) X
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Results From the Brownian Ratchet Model

By Incorporating N Identical Polymers:

Can Predict Observed Listeria Behavior:

• Coordinated Actin Polymerization

• Decreased Fluctuation of the Bacterium (Barrier)

Not just a Model for Listeria. Also:

• Other Actin-Based Motility Scenarios

• Molecular Motor “Pushing” a Barrier (Load) Along its Track
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Single Polymer Ratchet

Initial State of System:

Polymer Touching Barrier, Define Coordinates

z = 0

t = 0 : Initial Conditions:

• Gap Distance is Zero:
P∆(∆, 0) = δ(∆)

• Average Position is Zero:
PZ(z , 0) = δ(z)



N Polymer Ratchet

Initial State of System:

Each Polymer Touching Barrier, Define Coordinates

z = 0

t = 0 :
Initial Conditions:

• Gap Distances are Zero

• Average Position is Zero:
PZ(z , 0) = δ(z)



N Polymer Ratchet: Average Position

Define Stalling Force, F ∗N :

Value of the Force that “Stalls” the Drift:

VzN
= NDbVa−DaF/ηb

NDb+Da

• F ∗N = NηbDb
Va
Da

Qualitatively:

• F < F ∗N :
Polymer Bundle
Pushes Barrier



N Polymer Ratchet: Average Position

Define Stalling Force, F ∗N :

Value of the Force that “Stalls” the Drift:

VzN
= NDbVa−DaF/ηb

NDb+Da

• F ∗N = NηbDb
Va
Da

Qualitatively:

• F < F ∗N :
Polymer Bundle
Pushes Barrier

F ∗N Scales with N :

Bundle can Oppose
N times External Force
of a Single Polymer! X



N Polymer Ratchet: Gap Distance

Da = 4, Va = 2, Db = 2, F/ηb = 1

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4

 0  1  2  3  4  5

P 6
i(x

)

x

Each Gap

N = 1
N = 2
N = 5

N = 10
N = 100

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4

 0  1  2  3  4  5

P 6
(1

)(x
)

x

Min. Gap

N = 1
N = 2
N = 5

N = 10
N = 100
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Da = 4, Va = 2, Db = 2, F/ηb = 1

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4

 0  1  2  3  4  5

P 6
i(x

)

x

Each Gap

N = 1
N = 2
N = 5

N = 10
N = 100

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4

 0  1  2  3  4  5

P 6
(1

)(x
)

x

Min. Gap

N = 1
N = 2
N = 5

N = 10
N = 100

Observations:

Adding Polymers to the Bundle:

• Increases Mean Gap Distance for Each Gap

• Decreases Mean Gap Distance for the Minimum Gap

µi = NDb+Da

Va+F/ηb
µ(1) = Db+Da/N

Va+F/ηb
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Da = 4, Va = 2, Db = 2, F/ηb = 1

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4

 0  1  2  3  4  5

P 6
i(x

)

x

Each Gap

N = 1
N = 2
N = 5

N = 10
N = 100

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4

 0  1  2  3  4  5

P 6
(1

)(x
)

x

Min. Gap

N = 1
N = 2
N = 5

N = 10
N = 100

Observations:

In Other Words,
Adding Polymers to the Bundle:

• Decreases Mean Gap Between Bundle and the Barrier

µi = NDb+Da

Va+F/ηb
µ(1) = Db+Da/N

Va+F/ηb



N Polymer Ratchet: Gap Distance

Example: 2 Polymer Case

∂φ(ξ1, ξ2, t)

∂t
= (Da + Db)

(
∂2φ

∂ξ1∂ξ1
+

∂2φ

∂ξ2∂ξ2

)
+ 2Db

∂2φ

∂ξ1∂ξ2

+

(
Va +

F

ηb

)(
∂φ

∂ξ1
+
∂φ

∂ξ2

)
, {ξ1, ξ2} ≥ 0,

= −∇ · J(ξ1, ξ2, t)

“No-Flux” B.C.’s:

−J = −
(

J1

J2

)
=

 (Da + Db)
∂φ

∂ξ1
+ Db

∂φ

∂ξ2
+
(

Va + F
ηb

)
φ

(Da + Db)
∂φ

∂ξ2
+ Db

∂φ

∂ξ1
+
(

Va + F
ηb

)
φ

 ,
J1(0, ξ2, t) = 0
J2(ξ1, 0, t) = 0
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