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What are Molecular Motors?
In General Terms:

Protein Molecules in the Cell that:
e Generate Forces

e Cause the Transport of Material

> SEATTLE APPLIED MATHEMATICS
‘, UNIVERSITY UNIVERSITY of WASHINGTON
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What are Molecular Motors?

Two Specific Examples:

— } il

Sacomere

Muscle: http://www.bio.davidson.edu/people/midorcas/animalphysiology/websites/2011/Miller/Background.html

Kinesin: http://multimedia.mcb.harvard.edu/media.html

SEATTLE APPLIED MATHEMATICS
UNIVERSITY UNIVERSITY of WASHINGTON
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Conventional Molecular Motors

Myosin
Muscle Contraction

actin myosin

Z-disc M-line Z-disc

http://www.embl.de/~guenther/project_muscleoscillations.html
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Conventional Molecular Motors

Kinesin
Intracellular Transport
Short Video Excerpt: Inner Life of the Cell

NSEATTLE APPLIED MATHEMATICS
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Conventional Molecular Motors

Conventional Molecular Motors

gurken, wingless
Dynein T2 BNA

Move Along Polymer

5
e Tracks

e myosin - actin
microfilaments
Kinesin

ond r . .
- microtubules

http://www.bioch.ox.ac.uk/aspsite/index.asp?pageid=573

-end

SEATTLE APPLIED MATHEMATICS
@) UNIVERSITY UNIVERSITY of WASHINGTON




Introduction

n Model ization Ratchet Conclusions

Polymerization

Another Way to Cause Motion/Transport
Change the Length of the Polymers Themselves!

e Polymerization:
Adding Subunits

By e Depolymerization:
/j Subtracting Subunits
[ [[[[]

ap e (Subunits = Monomers)

APPLIED MATHEMATICS
UNIVERSITY of WASHINGTON
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Polymerization Causing Cell Membrane Deformation

Sickle Cell Anemia: Sickle Hemoglobin Polymerization

Left: http://www.hopkinsmedicine.org/Medicine/sickle/patient/index.html Right: (My Dissertation)

= SEATTLE APPLIED MATHEMATICS
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Depolymerization During Cell Division

Mitosis:
Depolymerization of Spindle Pulls Sister Chromatids Apart

d.
—

Two diploid

DNA cells

replication —

T
Mitosis

http://www.ncbi.nIm.nih.gov/About/primer/genetics_cell.html
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Why Do We Care About Molecular Motors?

Molecular Motors are Special Because:
e Chemical Energy = Mechanical Energy
e DIRECTLY! (Not Via Heat or Electrical Energy)
e Highly Efficient:
e 6 Times More Efficient than a Car

APPLIED MATHEMATICS
UNIVERSITY of WASHINGTON
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Why Do We Care About Molecular Motors?

Molecular Motors are Special Because:
e Chemical Energy = Mechanical Energy
e DIRECTLY! (Not Via Heat or Electrical Energy)
e Highly Efficient:
e 6 Times More Efficient than a Car

e Models for Molecular Motors
= Theoretical Foundations for Nano-Engineering
e Nano-mechano-chemical Machines
e Tiny Robots!

vy
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Motivation: Actin-Based Motility

Listeria monocytogenes:

K

Bacteria that Causes Listeriosis

Usually Only Flu-Like Symptoms,

CDC Estimates that in the U.S.
e 1,600 People per Year

Become Seriously Il due to
Listeriosis

e Out of Those, 260 Die

http://textbookofbacteriology.net/Listeria_2.html
At body temperature:
Listeria is propelled by polymerization of actin filaments.
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Motivation: Actin-Based Motility

Actin-Based Motility of Listeria (Click for Movie)

16a AN .
Image Source: Tilney & Portnoy 1989, J Cell Biol 109:1597-1608
Movie Source: Theriot & Portnoy: http://cmgm.stanford.edu/theriot/movies.htm
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Motivation: Actin-Based Motility

Actin-Based Motility of Listeria
Motivates Study of:

e Polymerization-Driven Motion of a Fluctuating Barrier
Mathematical Framework:

e Diffusion Formalism Brownian Ratchet Model

e Building On Simplest Case:
Single Polymer Ratchet

SEATTLE APPLIED MATHEMATICS
Y UNIVERSITY UNIVERSITY of WASHINGTON
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Single Polymer Ratchet Model

What is a Single Polymer Ratchet?

Component 1:
Polymer

* ap, Bp:
Adding/Subtracting Rates

/_+ e 5: Monomer Width
HEEN . ap> By

@p
T ! Polymer Grows
! (On Average)
X
SEATTLE APPLIED MATHEMATICS
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Single Polymer Ratchet Model

What is a Single Polymer Ratchet?

Component 2:

Bw, Fluctuating Barrier (Wall)
a; ® Oy
! “Left” Rate
i o Bu:
' “Right” Rate
1
: o ay, > By
" Barrier Moves “Left”
y
SEATTLE APPLIED MATHEMATICS

WYJ UNIVERSITY UNIVERSITY of WASHINGTON
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Single Polymer Ratchet Model

What is a Single Polymer Ratchet?
When Components Interact:
e Barrier Motion

“blocked” by Polymer

e Polymer Growth
“blocked” by Barrier

SEATTLE APPLIED MATHEMATICS
Y UNIVERSITY UNIVERSITY of WASHINGTON
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Single Polymer Ratchet Model

What is a Single Polymer Ratchet?

When Components Interact:
If Polymerization is “Fast:”

e Barrier Moves Away
e Polymer Immediately Grows

e Blocking Backward
Fluctuation of Barrier

Barrier is “Ratcheted” Forward

SEATTLE APPLIED MATHEMATICS
&/ UNIVERSITY UNIVERSITY of WASHINGTON
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Polymerization Model
Model System & Simulations
Analysis of the Mathematical Model

Conclusions
0000
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Basic Polymerization Model System

How does Polymerization Work?

e x: position of the end of the

polymer
B Rate Constants:
p
f e ap: adding a monomer
HEEN | ap (growth rate)
5 e [p: subtracting a monomer
X (shrinking rate)
SEATTLE APPLIED MATHEMATICS

UNIVERSITY UNIVERSITY of WASHINGTON
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Basic Polymerization Model System

How does Polymerization Work?
Deterministic Model:
° % = (ap — Bp)d

e Xxp: initial position

ﬁp =
£ 7 x(8)=x0+ (ap— B0t
T T+
5
I
X
SEATTLE APPLIED MATHEMATICS

UNIVERSITY UNIVERSITY of WASHINGTON
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Polymerization Model
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Polymer Position -vs- Time:

x(t) = xo + (ap — Bp)ot, a, =24,

Conclusions
0000

Polymerization Ratchet

0000000000000 0
00000000

Deterministic Model

ﬁp:]-; X0:50

Single Polymer Growth

220 T T

180 |

160 |

140

120 |

Position

100 |

80

60 [

Deterministic Mode| s
L L

40 . .

Time

HSEATTLE

Y UNIVERSITY

30 40 50
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Basic Polymerization Model

How does Polymerization Work?
Deterministic System:

e Motion is continuous in
Space, Time

By e |nitial Condition
/_* = one possible trajectory
HEEEE ap
— 1
) |
I
X
SEATTLE APPLIED MATHEMATICS

7/ UNIVERSITY UNIVERSITY of WASHINGTON
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Basic Polymerization Model

How does Polymerization Work?
Deterministic System:

e Motion is continuous in
Space, Time

B, e |nitial Condition
d = one possible trajectory
[ [ T[]

ap Stochastic System:

—

S e Direction of motion

Time motion occurs
Random

1
1
1
1

X

e Initial Condition
= many possible trajectories

S SEATTLE APPLIED MATHEMATICS
WY/ UNTVERSITY UNIVERSITY of WASHINGTON
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Stochastic Polymerization Model

Continuous-Time 1-D Biased Random Walk

e
e
HEEE o1 B

Qp

—

0

1

1

1

1
X

Generate Exact Stochastic Simulations = Gillespie Algorithm
[Gillespie, 2007]

SEATTLE APPLIED MATHEMATICS
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Simulation: Gillespie Algorithm

Basic Simulation Scheme:
Start: t = tg, X = Xxo.
e Wait dt for an “Event” to Occur.

ap  Qp Set t = tg + dft.

: : : o |If “Adding Event”

i~ 1~z 1

| ﬁp | ﬂp | Set x = xg + 0.

' ! ! o If “Subtracting Event”

-0 1)
(e ) x (x+9) Set x = xg — 0.

e Repeat Until t = tpax.

>\ SEATTLE APPLIED MATHEMATICS

&5/ UNIVERSITY UNIVERSITY of WASHINGTON
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Simulation: Gillespie Algorithm

Basic Simulation Scheme:
Start: t = tg, X = Xxo.
e Wait dt for an “Event” to Occur.

ap,  ap Set t = tp + dt.

— — e If “Adding Event”

e Te—1 Ing Event

I I I

| ﬁp | ﬂp | Set x = xg + 0.

' ! ! o If “Subtracting Event”

-6 )
(x ) x (x+9) Set x = xg — 0.

e Repeat Until t = tpax.
SEATTLE APPLIED MATHEMATICS

4%/ UNIVERSITY UNIVERSITY of WASHINGTON
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Simulation: Gillespie Algorithm

Wait dt for an “Event” to Occur.

e Number of Events:
Poisson Process with rate

Qp &) A= ap+ Bp.
[ — i— .
e T——1 e — dt is a random number from
! Bp ! Bp ! Exponential Distribution, rate \.
(x=46) x (x+9) e If uis a random number from a
Uniform(0,1) Distribution,
dt = —% log u
SEATTLE APPLIED MATHEMATICS

&5/ UNIVERSITY UNIVERSITY of WASHINGTON
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Simulation: Gillespie Algorithm

Basic Simulation Scheme:
Start: t = tg, X = Xxo.
e Wait dt for an “Event” to Occur.

ap,  ap Set t = tp + dt.

— — e If “Adding Event”

e Te—1 Ing Event

I I I

| ﬁp | ﬂp | Set x = xg + 0.

' ! ! o If “Subtracting Event”

-6 )
(x ) x (x+9) Set x = xg — 0.

e Repeat Until t = tpax.
SEATTLE APPLIED MATHEMATICS
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Simulation: Gillespie Algorithm

Decide which “Event” Occurs.
Probability of Subtracting or Adding:

[ ) P(—): BP :'B—;

ap+Bp
%, %, * P =gig =
!(— !(—! ¢ Note: P(—) aF P(+) =1.
| P : Br | Generate a Uniform(0,1) random
(x=9) x (x+3)  number, vu.

e If 0 < u < P(—), Subtract
o If P(—) <u<1, Add

@) SEATTLE APPLIED MATHEMATICS
& UNIVERSITY UNIVERSITY of WASHINGTON
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Simulation: Gillespie Algorithm

Basic Simulation Scheme:
Start: t = tg, X = Xxo.
e Wait dt for an “Event” to Occur.

ap,  ap Set t = tp + dt.

— — e If “Adding Event”

e Te—1 Ing Event

I I I

| ﬁp | ﬂp | Set x = xg + 0.

' ! ! o If “Subtracting Event”

-6 )
(x ) x (x+9) Set x = xg — 0.

e Repeat Until t = tpax.
SEATTLE APPLIED MATHEMATICS
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Polymer Position -vs- Time: Simulated Data

X(t) :X0+(O‘p_5p)5t7 Oép:4, ﬁp: 17 X0 = 50

Single Polymer Growth Simulation

220 T T T T

180 |

160 |

140 |

120 |

Position

100 |

80 |

Simulated Trajectory ——
Deterministic Mode| s
L L

60

40 . .
0 10 20 30 40 50

Time

NSEATTLE APPLIED MATHEMATICS
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Polymer Position -vs- Time: Simulated Data

X(t) :X0+(O‘p_5p)5t7 Oép:4, ﬁp: 17 X0 = 50

Single Polymer Growth Simulation

220 T T T T
200 |
180
160
c
kel 140 |
= 5
(%2}
o 120 Simulated Trajectory 1 ——
o si h
100 imulated Trajectory 2 ------ _
Simulated Trajectory 3 -+
80 Simulated Trajectory 4 - T
60 Simulated Trajectory 5 J
- Deterministic Mode| s
40 L L L L
0 10 20 30 40 50
Time
SEATTLE APPLIED MATHEMATICS
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Polymer Position -vs- Time: Simulated Data

X(t) =X+ (ap - 6p)5t7 Qp = 47 Bp — 17 X0 = 50

Single Polymer Growth Simulation
220

180 |

160

140 | Observations:

120 |

Position

Simulated Trajectories:

e Same Initial Condition
— Different Trajectories
e Start Out Close Together,
Spread Out Over Time

e Average Over Many Trajectories
&N SEATTLE C . .
) UNTVERSITY — Deterministic Trajectory
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Introduction

Polymerization Model
Analysis of the Mathematical Model

Polymerization Ratchet Model

Conclusions
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Stochastic Polymerization Model

Formulating the Mathematical Model:

Random Variable X(t): Position of Polymer Tip
e Discrete Space Model
* Px(x,t) = Prob{X(t) = x}
e Biased Random Walk
e Continuous Space Model
o Px(x,t) = Prob{x < X(t) < x + dx}
e Biased Brownian Motion

SEATTLE APPLIED MATHEMATICS
Y UNIVERSITY UNIVERSITY of WASHINGTON
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Single Polymer (No Barrier)

Random Variable X(t): Position of Polymer Tip

IPxCt) — o, P (x — Ax, £) + BpPx(x + Ax, t) — (aip + Bp) Px (%, )

3 Discrete Space Model:
"/j e Py(x, t) = Prob{X(t) = x}
L] ] e Biased Random Walk
To Obtain Continuous Space
Model:

e Taylor Expand in x. ..

S SEATTLE APPLIED MATHEMATICS
WY/ UNIVERSITY UNIVERSITY of WASHINGTON
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Single Polymer (No Barrier)

Random Variable X(t): Position of Polymer Tip

OPt) — Py (x — A, ) + BpPx(x + Ax, £) — (ap+ Bp) Px(x, )
(')P)E)(X,t) _ D (')2[30)((2)(,t) - V (DP)((XI)
t a Ox

a  Ix
3 Continuous Space Model:
7 oE
1] ] ] @ Prob{x < X(t) < x + dx}
T : e Biased Brownian Motion
X (Diffusion with Drift)

X

. Ax? .
D, = A')'(”_'lo(ap + ﬂp)Txv a = A|)|<n—1>0(ap - ﬂP)AX

APPLIED MATHEMATICS
UNIVERSITY of WASHINGTON
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Mathematical Model

Continuous Space Polymer Length Model
Partial Differential Equation for Diffusion with Drift
X 2 X X
6P,:9(t,t) _ Daa ,‘3;(2 it) Vaap)é(x’t)
Ax?

D, = A')'(‘EO(QP + BP)Ta Vo= A')'(T)O(O‘p — Bp)Ax

Solution:
—V,t)?
o Px(x,t) = —WiDat exp (——(X4Da:) )

(Brownian Motion)

SEATTLE APPLIED MATHEMATICS
UNIVERSITY UNIVERSITY of WASHINGTON
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Mathematical Model
Continuous Space Polymer Length Model (Click for Movie)
o Solution:
(x—Vat)?
4 © PX(X7 t) /47TD p ( 4Dat )
" Gaussian (Normal) Distribution:
: X e
01 o PX(X, t) = —,271_7 exp (_(XT;LZ)—)
30 p-20 ‘A—Uo} Ao p+20 a3 ° /1/ — Vat
68.26% .
95.44% 0ot =20k
99.74%
SEATTLE APPLIED MATHEMATICS
UNIVERSITY

UNIVERSITY of WASHINGTON
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Basic Polymerization Model

How does Polymerization Work?
Deterministic System:
e Polymer Length: x(t) = V,t
Stochastic System:

Bo e Polymer Length
d Distribution:
HEEN Px(x,t) =

1 O[p ( )2
— 1 X—
5 Vi oo (- 0280,
X w=Vyt, o?=2D,t
>\ SEATTLE APPLIED MATHEMATICS

&5/ UNIVERSITY UNIVERSITY of WASHINGTON
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Compare Simulated Data to Theoretical Results

p=Vyt, o2=2D,t, V,=3, D,=5/2, xo=50

Single Polymer Growth Simulation

220 T T T T
200
180 |
160 |
c
K] 140 <
= 7
5 S
o 120 | Simulated Trajectory 1 ——
o 100 Simulated Trajectory 2 ------ _
Simulated Trajectory 3 -
80 Simulated Trajectory 4 T
60 Simulated Trajectory 5 J
Deterministic Model
40 L L L L
0 10 20 30 40 50
Time
SEATTLE APPLIED MATHEMATICS
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Compare Simulated Data to Theoretical Results
p=Vit, o2=2D,t, V,=3, D,=5/2, xo=050

Single Polymer Growth Simulation
220

—Xp

200 Xg+u+-0

180

160

140

120

Position

80

60

40 L L L

Time
430 p=20 p-o  p  p+o p+2o p+3c

SEATTLE APPLIED MATHEMATICS
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Compare Simulated Data to Theoretical Results
p=Vit, o2=2D,t, V,=3, D,=5/2, xo=050

Single Polymer Growth Simulation

220

T T T T
—_— X+
200 Xg+u+-0

180 Xo + W+-20
160
140

120

Position

80

60

40

Time

U307 u-20 p-0 p ptc pe2s pede

SEATTLE APPLIED MATHEMATICS
UNIVERSITY UNIVERSITY of WASHINGTON
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Compare Simulated Data to Theoretical Results

p=Vyt, o2=2D,t, V,=3, D,=5/2, xo=50

Single Polymer Growth Simulation

220 T
—_— Xyl
200 Xg+U+-0
180 } X+ W+-20
o | Observations:

Simulated Trajectories Shown:
e Mostly Within p+ o
e (All Within p £ 20)
Probability Distribution:

o 10 2 e Mean Increases with Time

c
kel
=
@
o]
o

e “Spreads Out” over Time

Excellent Agreement!
ww UNIVERSITY of WASHINGTON
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Stochastic Polymerization Model Summary

Position of the End of a Single Polymer
e Simulation Scheme
(Spatially Discrete Model)

e Analytical Result:
Formula for Probability Distribution
(Spatially Continuous Model)

= Build On These to Formulate a
Model for the Polymerization Ratchet!

SEATTLE APPLIED MATHEMATICS
Y UNIVERSITY UNIVERSITY of WASHINGTON
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Polymerization Ratchet Model
Single Polymer Ratchet
N Polymer Bundle Ratchet

Conclusions
0000
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Single Polymer Ratchet Model

What is a Single Polymer Ratchet?

When Components Interact:
If Polymerization is “Fast:”

e Barrier Moves Away
e Polymer Immediately Grows

e Blocking Backward
Fluctuation of Barrier

Barrier is “Ratcheted” Forward

SEATTLE APPLIED MATHEMATICS
&/ UNIVERSITY UNIVERSITY of WASHINGTON
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Introduction

Simulation: Gillespie Algorithm

Basic Simulation Idea
Start: t = ty, x = X0, ¥ = Yo.

BL‘G e Wait dt for an “Event” to Occur.
Set t = tg + dft.
o |If “Polymer Adding Event”
Set x = xg + 0.
o If “Polymer Subtracting Event”
[ [ [T ] Set x = xg— 0.
)
& SEATTLE APPLIED MATHEMATICS

WYJ UNIVERSITY UNIVERSITY of WASHINGTON
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Simulation: Gillespie Algorithm

Basic Simulation Idea
A=oap+ Pp+ay+pPw Start: t=ty, X = X0, ¥ = Yo-

BL‘G e Wait dt for an “Event” to Occur.
Set t = tg + dft.
o |If “Polymer Adding Event”
Set x = xg + 0.
o |If “Polymer Subtracting Event”
Set x = X0 — 4.

o If “Wall Moves Right Event”

0 Sety = yp+ 9.
o If “Wall Moves Left Event”
Set y = yg — 9.
& SEATTLE APPLIED MATHEMATICS

WY UNIVERSITY UNIVERSITY of WASHINGTON
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Simulation: Gillespie Algorithm

Basic Simulation Idea
A=oap+Pp+ay+ Py Start: t =ty, x =xp, ¥ = yo.

Bl, e Wait dt for an “Event” to Occur.
. Set t = to + dt.
1 o If “Polymer Adding Event”

Set x = xg + 0.
e If “Polymer Subtracting Event”
Set x = X0 — 4.

|
— o If “Wall Moves Right Event”
0 : Sety = yp+ 9.
X—y o If “Wall Moves Left Event”
Set y = yg — 9.

Geometric Constraint: Polymer/Wall Can “Block” Events
& SEATTLE APPLIED MATHEMATICS

WY UNIVERSITY UNIVERSITY of WASHINGTON
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Single Polymer Ratchet Simulated Data
ap=4, Bp=1 a,=2, Bu=1 X =y =50

Single Polymer Ratchet Simulation Data

80

75
S nt
= 65 i
(%] 60 | arrier ——
OO_ 55 |

50 Polymer ——

45 n L L ,

0 10 20 30 40 50
0]
S s ; : :
[v] 5 Gap Distance ——
=4
.!’ 3
a o
Q 1
T o
o 0 10 20 30 40 50
Time
WSEATTLE APPLIED MATHEMATICS
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Single Polymer Ratchet Simulated Data
ap=4, Bp=1 a,=2, Bu=1 X =y =50

Single Polymer Ratchet Simulation Data

80 T T T T
75 H
o 70 F E
= et - ]
7] 60 | artier ——
o [ ]
o :g Polymer —— |
45 : : : :
0 10 20 30 40 50
g Observations:
c j .
g : For This Set of Parameters:
2 3
g e Polymer “Pushes” the Barrier
m 0 - “ "
o 0 10 20 o Polymer & Barrier “Close
(Gap is “Small™)
SEATTLE APPLIED MATHEMATICS
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Single Polymer Ratchet Simulated Data
Gy =14y =1y Gy =2 Bp=l e = 10000

Single Polymer Gap Distance Histogram

1.00 T T T T

T T
Gap Distance
0.89 | 1

078 | 4

0.67 1

0.56 4

044 | E

Probability

033 1

022 f 4
011 f | 1
0.00 L L I . L

0 1 2 3 4 5 6 7 8

Gap Distance
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Single Polymer Ratchet Simulated Data
Gy =14y =1y Gy =2 Bp=l e = 10000

Probability

1.00

0.89
0.78

0.67

0.56 |
0.44 |
033 |

0.22
0.11
0.00

Single Polymer Gap Distance Histogram

T T T
Gap Distance ‘|
Geometric Distribution

For the Discrete Space Model:

Steady State Gap Distribution is
Geometric:

e Prob{gap = k} = p(1 — p)*

- k=0,1,2...
I E‘ e p— (ap+?clvmp)-:o(cip)+BW)

(N 2 I For This Set of Parameters:
€, (2 a2
p= (4+2) — 6 3

w UNIVERSITY of WASHINGTON
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Single Polymer Ratchet Model

Formulating the Mathematical Model:
Can Formulate both:
e Discrete Space Model
e Continuous Space Model
Focus on the Continuous Space Model Because:

e Analytical Results can be (More) Easily Obtained
e Easier to Incorporate Additional Features:

e Attraction Between Polymer and Barrier
e N Polymer Ratchet

Conclusions

SSEATTLE APPLIED MATHEMATICS

WY UNIVERSITY UNIVERSITY of WASHINGTON
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Single Polymer (No Barrier)

Random Variable X(t): Position of Polymer Tip

Recall: )
8Px(X,t) _ 0 Px(X,t) BPX(x,t)
ot =D, Ox? - Vs Ix

Continuous Space Model:

T
[T T T 1] Prob{x < X(t) < x + dx}

| Qp
T i e Biased Brownian Motion
| 0 0 o g
| (Diffusion with Drift)
X
2 SEATTLE APPLIED MATHEMATICS

TN
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Barrier (No Polymer)

Random Variable Y(t): Position of Barrier

6‘ V(yvt) — 62‘ '(yvt) ‘ t 6‘ V(yat)
9t = Db y2 + —ext y .
ContlnuouS Space MOde|

Fee p
I b [ ] Py(y, t) =
— Prob{y < Y(t) <y +dy}
' e Biased Brownian Motion
' (Diffusion with Drift)
y
SEATTLE APPLIED MATHEMATICS
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Single Polymer Ratchet

Diffusion Formalism Model: [Qian, 2004]

8ny(x,y, t) . 82PXY 32ny _ OPxy @ OPxy
ot =D Ox? +De oy? Va Ox + n, Oy (1)
fat Dy ,
b Joint pdf:

o ny(X, 1.') =
Prob{x < X(t) < x + dx,
y <Y(t) <y-+dy}
e X(t),Y(t) Coupled by
Geometric Constraint:
X(t) <Y(t)

APPLIED MATHEMATICS
UNIVERSITY of WASHINGTON
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Polymer Ratchet Simulated Data

ap:4a Bp:]-a aW:27 /BW:]-7 X0:_y0:50

Single Polymer Ratchet Simulation Data

80 T T T T _d
75
s My Polymer Ratchet Model:
‘D 60 |
g = W Two Elements to Track.
50
45 : : : e Option 1:
0 10 20 30
e Polymer Position
[0] 00
g ¢ T y e Wall Position
©
%
[ I
Q. 1
T 0
o 10 20 30
Time
SEATTLE APPLIED MATHEMATICS
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Polymerization Ratchet

Polymer Ratchet Simulated Data

ap:4a Bp:]-a aW:27 /BW:]-7 X0:_y0:50

80
75

Single Polymer Ratchet Simulation Data

A
Polymer Ratchet Model:

W Two Elements to Track.

e Option 1:
e Polymer Position

c
S
= 6
[
o
g s
50
45
®
S 6
S s
L A
Q2 3
[ I
g
0
(]
SEATTLE

UNIVERSITY

r r e Wall Position

e Option 2:
e Average Position

e Gap Distance

Time

APPLIED MATHEMATICS
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Single Polymer Ratchet

Diffusion Formalism Model: [Qian, 2004]

OPxy(x,y,t) 9?Pxy 9*Pxy OPxy = Fex: OPxy
=D, D, -V, — 1
ot Ox? 12 oy? Ox + n, Oy (1)
Fex
"7bt ) Db

Strategy: Decouple System
Introduce:

e A(t): Gap Distance
e Z(t): Average Position

Change of Variables:

5
_ _ DpX+D,Y
P A=Y X Z= O
> SEATTLE APPLIED MATHEMATICS

&5/ UNIVERSITY UNIVERSITY of WASHINGTON
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Single Polymer Ratchet

Diffusion Formalism Model: [Qian, 2004]

OPxy(x,y,t) 9 Pxy 9*Pxy OPxy | Fext OPxy
=D, D, -V, — 1
ot Ox? 2 Oy? Ox + n, Oy (1)
8PA(A, t) 82PA Fext aPA
ot (Ds + Dp) A2 + N (A >0) (2a)
aPZ(Z, t) - (92Pz 0Pz
9 D, 952 Vziaz , —00<z<+o (2b)

D, = (a +5)672v Vo= (a—p)s e (1) Constraint: X(t) < Y(t)
D __ D,Dy V — vaa_DaFext/nb i
s Dy+D, e (2a) Constraint: A(t) >0

APPLIED MATHEMATICS
UNIVERSITY of WASHINGTON
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Conclusions
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Single Polymer Ratchet: Gap Distance
Gap Distance Approaches a Steady State:
OPa(A,t) ext | OPa
— = = (D +Db) RN +(Va+ nb) BA A>0
Subject to: o
e No-Flux B.C. at A — 0 +": Diffusion — Boundary

Conditions: Can't “Leak Out”
e Normalization Condition

Pa(AD)

@) SEATTLE APPLIED MATHEMATICS
& UNIVERSITY UNIVERSITY of WASHINGTON
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Single Polymer Ratchet: Gap Distance

Gap Distance Approaches a Steady State:

OPa(A,t) ext | OPa
LN -2 >
o ( —|—Db) 8A2+<Va+ ﬂb)aA A>0
Subject to:

“+": Diffusion — Boundary

o Al B st A =10 Conditions: Can't “Leak Out”

e Normalization Condition

PaAH Pa(8)

A A

Gap — Steady State!

@) SEATTLE APPLIED MATHEMATICS
& UNIVERSITY UNIVERSITY of WASHINGTON
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Single Polymer Ratchet: Gap Distance

Pa..(A): Steady State Gap Distance

d’Pa., dPa.,
d A2 dA

0= Dy + Vs A>0
Steady State Distribution

e Dsy=(D;,+ D
r =1 2 e Exponential

— Fext
[ ] V5 = (Va -|- H) y _M
e No-Flux B.C.at A =0 Pa.(A) = ﬁie o5

e Normalization Condition

@) SEATTLE APPLIED MATHEMATICS
& UNIVERSITY UNIVERSITY of WASHINGTON
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Single Polymer Ratchet: Average Position

Average Position: Diffusion with Drift

8PZ(27 t) 82PZ 8PZ
=D - V. —00 < z < 0
ot Z 922 29z’
Solution:
1 (2= Vet)?
o |Pz(z,t) = TDe 4Dt
With
— DaD — DbVa*DaFext/nb
¢ DZ - Db+Dba' VZ - Db+Da
SEATTLE APPLIED MATHEMATICS

WYJ UNIVERSITY UNIVERSITY of WASHINGTON
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Polymerization Model
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Single Polymer Ratchet:

Conclusions
0000

Polymerization Ratchet

00000000000 0e0
00000000

Average Position

Average Position: Diffusion with Drift

3:’32(27 t) 82PZ 8Pz
=D -V, —00 < z< o0
ot Z 922 29z’
Solution: Normal Distribution
(= Vet e Mean:
1 - :
o | Pz(z,t) = VDt < e pu= Vit
With e Variance:
_ D,D _ DbVa*DaFext/nb 2
.DZ_Db-H%a’VZ_W 0 =2D,t
7 SEATTLE APPLIED MATHEMATICS
WYY UNIVERSITY

UNIVERSITY of WASHINGTON
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Stochastic Polymerization Ratchet Model

Summary of Single Polymer Ratchet Results
e Gap Distance Reaches a Steady State
e Average Position Follows Biased Brownian Motion
= V,t (Average of Drift Rates for Polymer and Barrier)

= Build On These Results to Formulate a
Model for the N Polymer Ratchet!
(Hint at a Few Results)

APPLIED MATHEMATICS
UNIVERSITY of WASHINGTON
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Introduction

Polymerization Model

Polymerization Ratchet Model
N Polymer Bundle Ratchet

Conclusions

SEATTLE APPLIED MATHEMATICS
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Motivation: Actin-Based Motility

Actin-Based Motility of Listeria (Click for Movie)

Image Source: Tilney & Portnoy 1989, J Cell Biol 109:1597-1608

Movie Source: Theriot & Portnoy: http://cmgm.stanford.edu/theriot/movies.htm

@ SEATTLE APPLIED MATHEMATICS
</ UNIVERSITY UNIVERSITY of WASHINGTON
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N Polymer Ratchet

What is an N Polymer Ratchet?

Component 1:

3 Bundle of
% N Identical Polymers
| @p
HEEEEN
SEATTLE APPLIED MATHEMATICS

7/ UNIVERSITY UNIVERSITY of WASHINGTON
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N Polymer Ratchet

What is an N Polymer Ratchet?

Component 2:
Barrier

Db7F/77b :

SEATTLE APPLIED MATHEMATICS
Y UNIVERSITY UNIVERSITY of WASHINGTON
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N Polymer Ratchet

What is an N Polymer Ratchet?

When Components

3 : Interact:
% ; Ratchet:
‘ ap E Longest Polymer
g C +
[T TTT] = Barier
Db7F/77b :
SEATTLE APPLIED MATHEMATICS

4%/ UNIVERSITY UNIVERSITY of WASHINGTON
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Two Polymer Ratchet Simulated Data
Gy =14y =1y Gy =2 Bp=l e = 10000

Two Polymer Ratchet Simulation Data

85 T T T T
c 80 |
75 F i
2 70 i
‘» 65 Barrier ——
[2]
60 | 4
QO_ 55 | Polymer1 —— ]
50 Polymer 2 ---e--- 4
45 L L L L
0 10 20 30 40 50
[0}
Q 6 T T T T
% 571 Polymer 1 ——
ﬁ T Polymer 2 «------
203
o o
g o
0 HE A
o 0 10 20 30 40 50
Time
WSEATTLE APPLIED MATHEMATICS
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Two Polymer Ratchet Simulated Data
Gy =14y =1y Gy =2 Bp=l e = 10000

Polymer Ratchet Simulation Data

180  — Barrier
160 f — Polymer 1
140 | e Polymer 2

Position
B

T
_— Barrier
_ Polymer

Position
B

0 50 100 150 200 250

Time

SEATTLE APPLIED MATHEMATICS
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Two Polymer Ratchet Simulated Data
Gy =14y =1y Gy =2 Bp=l e = 10000

Polymer Ratchet Simulation Data

180  — Barrier
160 f — Polymer 1
140 | e Polymer 2

Position
B

Observations:
200 ————————— For This Set of Parameters:

g % [ Barrier

O [ — Polymer 8 0

z Bt e Two Polymers “Push” the
(o] N - “ ”

o 8 """ Barrier “Faster” than One

e Polymers & Barrier “Close”
(Gaps are “Small™)

WSEATTLE APPLIED MATHEMATICS
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N Polymer Ratchet

What is an N Polymer Ratchet?

SEATTLE

4%/ UNIVERSITY

N Polymer Ratchet:

Interaction Between:
e [ongest Polymer
e Barrier

Corresponds to:

e Shortest
Gap Distance

APPLIED MATHEMATICS
UNIVERSITY of WASHINGTON
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Two Polymer Ratchet Simulated Data
Gy =14y =1y Gy =2 Bp=l e = 10000

Two Polymer Ratchet Simulation Data

85 T T T T
c 80 |
75 F i
2 70 i
‘» 65 Barrier ——
[2]
60 | 4
QO_ 55 | Polymer1 —— ]
50 Polymer 2 ---e--- 4
45 L L L L
0 10 20 30 40 50
[0}
Q 6 T T T T
% 571 Polymer 1 ——
ﬁ T Polymer 2 «------
203
o o
g o
0 HE A
o 0 10 20 30 40 50
Time
WSEATTLE APPLIED MATHEMATICS
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ap =4, fp

Probability

HSEATTLE
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Polymerization Model
0000000000

00000000

N Polymer Ratchet Simulated Data
]-7 Ay = 27 /BW — ]-7

0.8

0.6

0.4

0.2

Minimum Gap Distance Histogram

Polymerization Ratchet Conclusions

0000000000000 0 0000
00000080

tmax = 10,000

N=1

Gap Distance

APPLIED MATHEMATICS
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N Polymer Ratchet Simulated Data
Gy =14y =1y Gy =2 Bp=l e = 10000

Minimum Gap Distance Histogram

1 T T T T T T T
N=1 m—
N=2 e
0.8 N T
N
2 N
= 06 | 4
Ne)
©
Qo
<} 04 F i
a
02 | 4
o .
0 1 2 3 4 5 6 7 8
Gap Distance
> SEATTLE APPLIED MATHEMATICS
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Observations:
Adding Polymers to the Bundle:
@p e Decreases Mean Gap Distance for the Shortest Gap

Minimum Gap Distance Histogram

1 T T T T T T T

N=1 —
N=2 weene
0.8 N=3 — 1
N=4
b N=5
= 06 [ i
e}
©
Ko}
<] 04 | ]
o
02 | 4
0 L
0 1 2 3 4 5 6 7 8
Gap Distance
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Conclusions

Stochastic Polymerization Ratchet Model

Summary of N Polymer Ratchet Results

Observations from Simulated Data:
Increasing Number of Polymers in the Bundle

e Allows Bundle to “Push Faster”

e Decreases the Mean Gap Distance Between
Bundle and the Barrier

Supported by Analysis of N-Polymer Ratchet Model,
[Cole and Qian, 2011]

@) SEATTLE APPLIED MATHEMATICS
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Conclusions
Summary
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Conclusions

Summary

In This Talk:
1. Single Polymer Growth Model (No Barrier)

e Stochastic Simulations (Gillespie Algorithm)
e Continuous Space Mathematical Model Results:

e Polymer Position ~ Biased Brownian Motion
(Diffusion with Drift)

WSEATTLE APPLIED MATHEMATICS
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Conclusions

Summary
In This Talk:

1. Single Polymer Growth Model (No Barrier)
2. Single Polymer Ratchet Model
e Stochastic Simulations (Gillespie Algorithm)
e Continuous Space Mathematical Model Results:

e Average (Ratchet) Position ~ Biased Brownian Motion
(Diffusion with Drift)
e Gap Distance — Steady State, Exponential Distribution

NSEATTLE APPLIED MATHEMATICS
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Conclusions

Summary
In This Talk:
1. Single Polymer Growth Model (No Barrier)

2. Single Polymer Ratchet Model
3. N Polymer Bundle Ratchet Model
e Stochastic Simulations (Gillespie Algorithm)
e Increasing Number of Polymers in the Bundle:

e Allows Bundle to “Push Faster”
e Decreases the Mean Gap Distance between Bundle and Barrier

e For More Information: [Cole and Qian, 2011]

SEATTLE APPLIED MATHEMATICS
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Thank You!
e Advisor at UW: Hong Qian
e Organizers of the Colloquium

e Audience

Conclusions
ocooe

SEATTLE APPLIED MATHEMATICS

UNIVERSITY UNIVERSITY of WASHINGTON



SEATTLE APPLIED MATHEMATICS

7/ UNIVERSITY UNIVERSITY of WASHINGTON



N Polymer Ratchet Simulated Data
Bw =1, tmax = 10,000

ap =4, [p=1,

1.00

0.89

0.78

0.67

0.56

0.44

Probability

0.33
0.22
0.11

0.00

HSEATTLE

Y/ UNTVERSITY

Each Gap

a, = 2,

N=2 e

S
PRI TTTT TN

012345867

Gap Distance

Probability

1.00

0.89

078 |

0.67

0.56

0.44

0.33

0.22

0.11

0.00

Min. Gap

N=2 e

I R TPT WO T SO 1

0123456738

Gap Distance
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op = 4,

N Polymer Ratchet Simulated Data

Br

Probability

1.00
0.89

0.78

SEATTLE
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1, a,=2,

Each Gap

—TTTT
Nz m—

N=2

01234567

Gap Distance

szla

Probability

tmax = 10,000

Min. Gap
1.00 T T T T T T
N=1 m—
0.89 | NZ2 oo E

078 % 1

012345678

Gap Distance
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Observations:
Adding Polymers to the Bundle:
e Increases Mean Gap Distance for Each Gap

«
P
e Decreases Mean Gap Distance for the Minimum Gap
Each Gap Min. Gap
1.00 T T T T T T
N=1 m—
T 0.89 ; N=2 e 1
J 078 | N=3 — |
N=4
42‘ 1 z 0.67 = N=5 E
o) E 3 056 | }
3 3
3] g S 044 | 4
o 1 o 033 | E
0123456738 0123456738
Gap Distance Gap Distance
SEATTLE APPLIED MATHEMATICS
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Observations:

In Other Words,
Adding Polymers to the Bundle:

«
p .
e Decreases Mean Gap Between Bundle and the Barrier
Each Gap Min. Gap
1.00 T T T T T T
N=1 m—
1 0.89 | N=Z2 o E
] 078 Bl N=3 — |
N=4
3 1 z 0.67 == N=5 E
3 E 3 056 | }
3 3
3] g ) 044 | 4
o 1 o 033 | E
1 0.22
. 1 0.11
T . 0.00
0123456738 012345261738
Gap Distance Gap Distance
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N Polymer Ratchet

Joint pdf for all {X;(t)}, Y(t): f({x},y,t)

OF({xity,t)  — PF
Ty — Z (D _

a9 2
X
k=1 9 k

Db)F/T/b :
Y

of O’f | Fof
aaixk> +Db@+%@ 3)
Strategy: Decouple via
Change of Variables:
e Aj=Y X,
7_ Dy YN | Xj+DsY
NDp+D,

#5) SEATTLE

APPLIED MATHEMATICS

UNIVERSITY of WASHINGTON



N Polymer Ratchet

Joint pdf for all {A,(t)} Y( ): f({&i}, 2, t)

k) WO o, O FOF
; 8xk 8x +Db82 +7]b8y (3)

({&} Z(D 8; -+ Dy) 5 ;2 < ) Z (4a)

OPz(z,t) _ DyDy &Pz  (NDpVa— D:F/np\ 0Pz (ab)
ot "~ NDy+ D, 0z2 NDy, + D, 0z
f({xi},y,t) = F({&), 2, 1) Geometric Constraints:
Decoupled: e For (3): X(t) <Y(t)
= ¢({&i}, t)Pz(z, t) e For (4a): Ai(t) >0
# SEATTLE APPLIED MATHEMATICS

WY UNIVERSITY UNIVERSITY of WASHINGTON



N Polymer Ratchet: Gap Distance

Gap Distances Approach Steady State:

N
B = exp (—eza> . e=ptii

i=1

{A;}: Gaps are |dentical,
Exponentially Distributed

— l — NDb"l‘Da
CE=Z= Va+F/np

@) SEATTLE APPLIED MATHEMATICS
& UNIVERSITY UNIVERSITY of WASHINGTON




N Polymer Ratchet: Gap Distance

Gap Distances Approach Steady State:

S({&}) = " exp (‘625") ,

i=1

{A;}: Gaps are |dentical,
Exponentially Distributed

_ l — NDb+Da
CE=Z= Vat+F/np

) SEATTLE

4%/ UNIVERSITY

‘T ND»+D,’

Vo+ F —Nex
_ Vet F/mp Pag(x) = Nee ™"

A(l) = min{A,-}
Exponentially Distributed

_ 1 _ Dy+Ds;/N
* U= Ne = VitF/m

APPLIED MATHEMATICS
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N Polymer Ratchet: Average Position

Average Position: Diffusion with Drift

(9Pz(2, t) D 82PZ V 0Pz
ot TN 922 NHz
Solution: Normal Distribution
. _(Z;gZN”Q e Mean:
_ zpn t
o |Pz(z,t) = 7\/W2Nte N p=Vyt
With: e Variance:
D o D,D, 0'2 = 2D2Nt
® Yzy = ND,+ D,
V. — NDy,V>—D,F /np
Zy =~ NDp+D;
& SEATTLE APPLIED MATHEMATICS

WY UNIVERSITY UNIVERSITY of WASHINGTON



Diffusion Formalism: Single Polymer Ratchet
Full Time-Dependent Gap Distance Solution

Initial Boundary Value Problem for (x > 0, t > 0):
AOPA (0,
® D 7%& Y 4 VsPp(0,t) = 0

OPp (x,t 6 P, OP,
o 2pfnd _py Zhp 4 v, oA .
® limy— oo Pa(x,t) =0
® Pp(x,0) = 8(x) limyes oo ap%(x,:) o
X

Solution Via New Transform Method of Fokas
Visx
PA(Xv t) = giiei 555

ZZt
oo ze *Ps (z cos(zx/2) — ﬁ S|n(zx/2)) dz

V5x ( t
tLe Wse 4D6/
0 7T((W) +22>

Ds

SSEATTLE APPLIED MATHEMATICS
UNIVERSITY of WASHINGTON
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